ABSTRACT. A set of vertices W resolves a graph G if every vertex is uniquely determined by its vector of distances to the vertices in W. A metric dimension of G is the minimum cardinality of a resolving set of G. A bipartite graph G(n, n) is a graph whose vertex set V can be partitioned into two subsets V 1 and V 2 , with |V 1 | = |V 2 | = n, such that every edge of G joins V 1 and V 2 . The graph G is called k-regular if every vertex of G is adjacent to k other vertices. In this paper, we determine the metric dimension of k-regular bipartite graphs G(n, n) where k = n − 1 or k = n − 2.
INTRODUCTION
Throughout this paper, all graphs are finite, simple, and connected. The vertex set and the edge set of graph G are denoted by V (G) and E (G), respectively. The distance between two distinct vertices u, v ∈ V (G) , denoted by d (u, v) , is the length of a shortest u − v path in G. Let W = {w 1 , . . . , w k } be an ordered subset of V (G). For v ∈ V (G), a representation of v with respect to W is defined as k-tuple r (v | W) = (d (v, w 1 ) , . . . , d (v, w k )). The set W is a resolving set of G if every two distinct vertices x, y ∈ V (G) satisfy r (x | W) = r (y | W). A basis of G is a resolving set of G with minimum cardinality, and the metric dimension of G refers to its cardinality, denoted by β (G).
A graph G is called k-regular if every vertex of G is adjacent to k other vertices. We consider a bipartite graph with n vertices in each partitioned subset (called independent set), denoted by G(n, n).
The metric dimension in general graphs was firstly studied by Harary and Melter [7] , and independently by Slater [17, 18] . Garey and Johnson [6] showed that determining the metric dimension of graph is NP-complete problem which is reduced from 3 dimensional matching (3DM), while Khuller et al [10] proved that it is reduced from 3 satisfiability (3SAT). However, some results for certain class of graphs have been obtained, such as cycles [4] , trees [3, 7, 10] , fans [2] , wheels [1, 2, 16] , complete n-partite graphs [3, 15] , unicylic graphs [13] , grids [12] , honeycomb networks [11] , circulant networks [14] , Cayley graphs [5] , graphs with pendants [9] , Jahangir graphs [19] , and amalgamation of cycles [8] . Moreover, several researchers have been characterized all graphs with a given metric dimension. Khuler et al. [10] showed that a path P n is the graph G if and only if β (G) = 1. In [3] , Chartrand et al. showed that G is K n if and only if β (G) = n − 1. They also proved that β (G) = n − 2 if and only if G is either K r,s for r, s ≥ 1, or K r + K s for r ≥ 1, s ≥ 2, or K r + (K 1 ∪ K s ) for r, s ≥ 1.
Study on the metric dimension of a regular graph G (n, n) was initiated by Chartrand et al. [3] . They obtained the result for n-regular graph G(n, n). Recently, the result was generalized to complete k-partite graph by Saputro et al. [15] . Chartrand et al [3] also determined the metric dimension of even cycle which is isomorphic to 2-regular graph G(n, n). The purpose of this paper is to further investigate the metric dimension of certain family of graphs, namely to determine the metric dimension of certain regular bipartite graphs. We obtain two main results, one of them is the following result related with an (n − 1)-regular bipartite graph G(n, n).
In preparing the proof for the second result we are able to obtain the intermediate result as follows.
Our second result is related with an (n − 2)-regular bipartite graph G(n, n). Note that 
Unless otherwise stated, from now on, G denotes a regular bipartite graph G(n, n).
PROOF OF THEOREM 1
Theorem 1 is a direct consequence of two lemmas in this section. For n ≥ 3, let G be an (n − 1)-regular bipartite graph with 
Therefore, W is a resolving set of G.
SUBGRAPH OF (n − 2)-REGULAR GRAPHS AND PROOF OF THEOREM 2
For n ≥ 4, let G be an (n − 2)-regular bipartite graph. Note that the graph G has a subgraph G ′ isomorphic to a graph obtained by removing a hamiltonian cycle C 2m from complete bipartite graph K m,m where m ∈ {2, 3, ..., n}.
then we obtain two possibilities below.
(1) There exist two different vertices
In both possibilities we have a contradiction.
The following lemma provides the metric dimension of a certain subgraph of (n − 2)-regular bipartite graph.
. . x m y m x 1 . We distinguish two cases.
For n = 4 and m = 4, we have G ′ = G which is isomorphic to even cycle. Chartrand et al. [4] have proved that the metric dimension of even cycle is 2. Now, we assume that n ≥ 5 and m ∈ {2, 3}.
Since β(G) = 1 if and only if G is a path P n ( [3] , [10] ), we have β(G ′ ) ≥ 2. Now, we show that β (G ′ ) ≤ 2 by constructing a resolving set W with 2 vertices.
(1) For m = 2 :
Let m = 4 and n ≥ 5. First, we show that β (G ′ ) ≤ 3 by constructing a resolving set W with 3 vertices. We define W = {x 1 , x 2 , x 3 }. It is easy to see that r(
Next, we show that β (G ′ ) ≥ 3. Suppose that β (G ′ ) ≤ 2 and S is the basis of G ′ . We consider two possibilities of S.
( For m ≥ 5, let S be the set of two or more vertices of H. Let v, w ∈ S and P be a shortest v − w path in C 2m . (It is clear that all edges of P are not elements of E(H)). We define a gap between v and w as the set of vertices in P − {v, w}. Here, the vertices v and w are called the end points. The two gaps which have at least one common end point, will be referred to as neighboring gaps. Consequently, if |S| = r, then S has r gaps, some of gaps may be empty. These definitions are firstly introduced by Buczkowski et al. [1] . Furthermore, I. Tomescu and I. Javaid [19] 
Remark 1. Lemma 4 says that the metric dimension of a subgraph G ′ above is given by
. We obtain a contradiction.
Now, let S be any set of vertices of H which satisfies (i)-(v) above, and let u ∈ V(H)\S.
There are four possibilities concerning the position of u respect to the gaps generated by S.
(1) u belongs to a gap of size one in S. Let a, b be distinct end points of this gap.
Then the vertex u have a distance 3 to both a and b, and it is the only vertex which has this distance property. Therefore, for all x ∈ V(H) and x = u, we have r(x | S) = r(u | S). by constructing a resolving set W with 4m 5 vertices. We consider the integer k ≥ 1. We obtain four cases as follows.
(a) m = 0 or 1 (mod 5) Let m = 5k or m = 5k + 1 with k ≥ 1 (hence,
Let m = 5k + 3 with k ≥ 1 (hence = 4k + 3). We define W = {y 5j+1 , y 5j+2 , x 5j+4 , x 5j+5 | 0 ≤ j ≤ k − 1} ∪ {y 5k+1 , y 5k+2 , y 5k+3 }. Since W contains 4k + 3 vertices and satisfies (i)-(v), then W is a resolving set. Let S be a basis of H. We consider two cases as follows. (1) β (H) is even.
Let |S| = 2l for some integer l ≥ 2. By (iii), there are at most l gaps which contain more than one vertex. By (i), (ii), (iv), and (v), all of them contain 2 vertices, except possibly either two contain 3 vertices or one contains 4 vertices. Then, the number of vertices belonging to the gaps of S is at most 3l + 2. Hence
Let |S| = 2l + 1 for some integer l ≥ 2. By (iii), there are at most l gaps which contain more than one vertex. By (i), (ii), (iv), and (v), all of them contain 2 vertices, except possibly either two contain 3 vertices or one contains 4 vertices. Then, the number of vertices belonging to the gaps of S is at most 3l + 3. Hence 2m − 2l ≤ 3l + 3, which implies |S| = 2l + 1 ≥ 
GAP IN (n − 2)-REGULAR BIPARTITE GRAPH AND PROOF OF THEOREM 3
For n ≥ 4, we consider certain cycles contained in a complete bipartite graph K n,n . For Although the basis of G i with 1 ≤ i ≤ r are resolving sets, there may exists some i ∈ {1, 2, . . . , r} such that a resolving set of G i which is contained in W, is not the basis of G i . For example, if there exists j ∈ {1, 2, . . . , r} and j = i such that the basis of both G i and G j have a gap containing four vertices, then by (a), we cannot use the basis of G j in G. We must add at least one more vertex on the basis of G j such that the new resolving set of G j satisfies (a)-(c). So, we need to know the gaps property of the basis of G i = K m i ,m i \E(C 2m i ), which can be seen in Lemmas 5, 6, 7, and 8. Proof. Suppose that G ′ only has the gaps which contain at most two vertices. We distinguish four cases:
Let m = 5k + 1 with k ≥ 1. By (iii), there are at most
gaps which contain two vertices each and at most
gaps which contain one vertex each. Then, |V (G ′ )| ≤ Note that, if n = 4, then it is impossible to have G ′ with m = 2 since G is a disconnected graph. Now, we assume that n ≥ 5. We define S = {x 1 , y 1 }. By (iii), we obtain that S is a resolving set of G ′ . Since |S| = β (G ′ ), S is a basis of G ′ . Case 2: m = 0 (mod 5).
For m ≥ 5 and the integer k ≥ 1, let m = 5k. We define S = {y 5j+1 , y 5j+2 ,
It is easy to see that every gap of S contains at most two vertices. By (iii), we obtain that S is a resolving set of G ′ . Since |S| = β (G ′ ), S is a basis of G ′ .
Lemma 5 says that the basis of subgraph G ′ of G(n, n) has a gap containing at least three vertices, for m = 1, 2, 3, 4 (mod 5). The following two lemmas are a kind of special case of Lemma 5. Lemma 7 shows that a basis of G ′ has at least two gaps containing three vertices, for m = 1 (mod 5), while for m = 2, 3, 4 (mod 5), Lemma 8 shows the existence of a basis of G ′ which has one gap containing exactly three vertices. For m = 4, we define W = {y 1 , y 2 , y 3 }. Since |W| = β (G ′ ) and satisfies (i)-(v), then W is a basis of G ′ .
For m ≥ 5 and the integer k ≥ 1, we consider the following 3 cases.
(1) m = 2 (mod 5) Let m = 5k + 2 with k ≥ 1. We define W = {y 5j+1 , y 5j+2 , x 5j+4 , x 5j+5 | 0 ≤ j ≤ k − 1} ∪ {x 5k+1 }. Let m = 5k + 3 with k ≥ 1. We define W = {y 5j+1 , y 5j+2 , x 5j+4 , x 5j+5 | 0 ≤ j ≤ k − 1} ∪ {y 5k+1 , y 5k+2 }. Let m = 5k + 4 with k ≥ 1. We define W = {y 5j+1 , y 5j+2 , x 5j+4 , x 5j+5 | 0 ≤ j ≤ k − 1} ∪ {y 5k+1 , y 5k+2 , y 5k+3 }.
It is easy to see that W from all three cases above contains one gap of three vertices. Since |W| = β (G ′ ) and satisfies (i)-(v), then W is a basis of G ′ .
We are now ready to prove Theorem 3.
4.1. Proof of Theorem 3. For n = 4, there is only one possibility for G, namely G is isomorphic with the even cycle graph. Chartrand et al. [4] proved that the metric dimension of the even cycle graph is equal to 2. Now, we assume that n ≥ 5.
The second case for β(G) is a direct consequence of Theorem 2, Lemma 6, and conditions (a)-(c) above.
For the last two cases, let G ′ = K m i ,m i \E(R i ) be a subgraph of G and W ′ be a basis of G ′ . Suppose G ′ has a gap containing three vertices a 1 , a 2 , a 3 where a j a j+1 / ∈ E (G ′ ) with 1 ≤ j ≤ 2, or containing four vertices a 1 , a 2 , a 3 , a 4 of G ′ where a j a j+1 / ∈ E (G ′ ) with 1 ≤ j ≤ 3. It is easy to see that W * = W ′ ∪ {a 2 } is a resolving set of G ′ which all the gaps contain at most two vertices. So, by using this property, Theorem 2, Lemma 3 -Lemma 8, and also (a)-(c), we prove the last two cases.
